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Abstract

This paper introduces a new direction to approximately solving a class of multi between Riemann-Liouville
fractional derivative ofv € (0,1), and the composition of the Caputo fractional derivative of «,8 € (0,1)
with the control variable u(t).In this technique; we approximate FOCPs with boundary conditions. The method
is based on a spectral method using Chebyshev polynomials approximation and Clenshaw and Curtis scheme for
the numerical integration of non-singular functions to evaluate both the state and control variables. Illustrative
examples are included to demonstrate the validity and applicability of the suggested approaches.
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1.Introduction

Fractional differential equations have been the focus of many studies due to their frequent appearance in various
applications in fluid mechanics, biology, physics and engineering [7].Most FDEs do not have exact analytical
solutions, so approximate and numerical techniques [12, 16, 20] must be used. Several numerical methods to
solve FDEs have been given. Some numerical methods for solving fractional differential equations (FDES) were
appeared in [15], [19].The general definition of an optimal control problems requires minimization of a criterion
function of the states and control inputs of the system over a set of admissible control functions. The system is
subject to constrained dynamics and control variables. A general formulation and a solution scheme for FOCPs
were first introduced in [2] where fractional derivatives were introduced in the Riemann-Liouville sense, and
FOCP formulation was expressed using the fractional variational principle and the Lagrange multiplier technique.
In [1], the fractional derivatives (FDs) of the system are approximated using the Grunwald-Letnikov definition,
providing a set of algebraic equations that can be solved using numerical techniques. The problem is defined in
terms of the Caputo fractional derivatives in [3] and an iterative numerical scheme is introduced to solve the
problem numerically. Distributed systems are considered in [4] and eigenfunction decomposition is used to solve
the problem. Ozdemir et al. [18] also use eigenfunction expansion approach to formulate an FOCP of a 2-
dimensional distributed system. Cylindrical coordinates for the distributed system are considered in [17].

A modified Grunwald-Letnikov approach is introduced in [9] which lead to a central difference scheme. Frederico
and Torres [13], [14], using similar definitions of the FOCPs, formulated a Noether-type theorem in the general
context of the fractional optimal control in the sense of Caputo and studied fractional conservation laws in
FOCPs. In [22], a rational approximation of the fractional derivatives operator is used to link FOCPs and the
traditional integer order optimal controls (I00Cs). In [5], Akbarian and Keyanpour studied a new approach to the
numerical solution of fractional order optimal control Problems. In [21], Sweilam, T.M.Al-Ajmi and R.H.W.
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Hoppe studied numerical solution of some types of fractional optimal control problems. In this article, we
introduce a formulation to a special class of FOCP: the multi-Fractional we study between Riemann-Liouville
fractional derivative and the composition of the Caputo fractional derivative with the control variable u(t), and
boundary conditions. We find approximate solution by the spectral method. The suggested method is more
accurate to approximation the state and control variables. This paper is structured as follows. In Section 2, some
basic definitions and properties of fractional order calculus (R-L and Caputo fractional derivatives).In
Section 3, the shifted Chebyshev polynomials are introduced and numerical approximations of CFD and RLFD
using Chebyshev polynomials. In Section 4, we derive the necessary optimality conditions Composition order
fractional optimal control problems. In Section 5, we give numerical examples to solve Class of Riemann-
Liouville derivative-composition fractional order optimal control problems. The conclusions are given in Section
6.

2.Basic definitions and properties.

In this section, we briefly give some definitions and properties regarding fractional derivatives allowing us to
formulate a general definition of an FOCP. There are different definitions of the fractional derivative operator [2].
Definition (2.1):

i. The Left Riemann-Liouville Fractional Derivative (LRLFD) of a function f(7) is defined as
1 d" ot P
oDEf() = F(n—a)dt_"fa (t — )" f(r)dr, t>a (1)

where the order of the derivative « satisfiesn —1 < a < n.
ii. The Right Riemann-Liouville Fractional Derivative (RRLFD) of a function f () is defined as

DEFD) = —— (D" 2 [P (e — "< f()dr, £ <b. @

I'ln—a)
Definition (2.2):
i The Left Caputo Fractional Derivative (LCFD) of a function f(7) is defined as

1 ——
SDEF) = fomms [ € = D" W @), (3)
ii. The Right Caputo Fractional Derivative (RCFD) of a function f(t) is defined as
- b g
Dpf(t) = r((n _)a)ft (r— O LMW ()dr, (4)
where € N.

Some properties of the fractional calculus are presented in details which will be needed later on:

i) The Caputo’s derivatives are linear,[8]:

SDELAf () + ug(D] = 2 GDEF(8) + 1 SDEg(L),
where A4, u are real numbers.

i) Let 0<a<l,n—-1l<a+pB<n,n—-1<pB<n n is a positive integer, f € C"[a,t], and if
x®0)=0,i=0,1,....n—1)
Then one has £D& (ng x(t)) = P (SDEx()) = SDZF x (o). (5)
+ —k (b—t)~a7k
i) D ((DFx(0) = Dy ()~ Xit [ D) X0 T

If a>0andf >0besuchthat n—1<a<n m—-1<p<m,
when n =m =1, then 0<a<1l 0<p <.

-1 (b—t)*!
Df (DYx(©) = Dy Px() = [ D) x]RS
iv) If, 0 < a <1, we obtain,[19]

(6)
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9@ $pefdr =[P F@©) - DEgdt+] Iig®)  f(O].
[P DEF@de = [ F(©) - oDEGEYdE+[ JE () - F(D1L

Moreover,

If fisa function such that f(a) = f(b) = 0, we have simpler formulas:

[ g EpEfdt = [ F(t) - DEg(t)dt, @)
[, 9@ - $DEFde = [ f(£) - DEg(L)dt. ®)

V) The relation between the RLFD and the CFD,[6]:
For a >0 and n = [a] + 1, the Riemann-Liouville and Caputo fractional derivatives are related by the

following formulas:

a _ Cpa (@) _ k—a
DEF(R) = EDEF(O) + Db 20 (¢ - ) ©)
b
DEF(E) = SDEF(E) + Bpmh L (b — D)k, (10)
vi) The constant function and power function of the Caputo’s derivative ,is:
e (DFC=0, where Cisa constant, (11)
0, for BEN, and B <|[al,

o IDF(t—a)f ={ re+ ( (12)

— )b«
TG—atD) a)’!~%, for BEN, andp = |[a],
we use[a| to denote the smallest integer greater than or equal to @ andN, = {0,1, 2,...} Recall that
fora € N,[5].

3.The definition and properties of the shifted Chebyshev polynomials

The well-known Chebyshev polynomials are defined on the interval [—1,1] and can be determined by the
followingrecurrence formula [11]:

T,(t) = 2tT,_1(t) — T, (1), n=23...

The Chebyshev polynomials can be expanded in power series as, [5]:

2 (n-m-1)! —
To(0) = 5 Enld (D™ o5 (20, (13)

where [n/ZJ denotes the integral part of n/2, with Ty(t) =1, Ty (t) =t.
The Chebyshev polynomials T, (t) (n=0,1,2,...) are orthogonal under integration over [—1,1] with the

weighting function w(t) = 1/v1 — t2, with orthogonally condition:

0 if n#m,
[P =15 if n=mew, -

In order to use these polynomials on the interval[0, L] we define the so called shiftedpseudo-spectral Chebyshev
polynomials by introducing the change of variable z = %— 1.

The shifted Chebyshev polynomials are defined as,[6]:

TP (6) =T, (ZL—t - 1), where TP() = 1,TP () = 2 - 1. (15)
The analytic form of the shifted pseudo-spectral Chebyshev polynomial T (t) of degree n is given by, [2]:

_1 2%k (ntk-1)
TP (t) = n ¥P_o(=1)"7* mtk, n=12., (16)

Where, TP (0) = (-=1*, and TP (L) = 1.
Let the shifted Chebyshev polynomials T, (% — 1)be denoted byT? (t), satisfying the orthogonality relation:
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[ TP (OTE (OwP (©) dt = 5m, (17)
. . i 1 _bi _ _
with the weight function w?(t) = \/—m&n ==, by = 2,b, = 1fork > 1.

A function x(t) € L?([0,L])i.e. (square integrable in[0, L]) can be expressed in terms of shifted Chebyshev
polynomials as:

e}

x(©) = ) G TE ),

j=0
where the coefficients ¢, are given by

1 L
Cn = f x(OT, (WP () dt, n=0,1,..
on J,

3.1. The Chebyshev-Gauss Lobatto points.

We choose the Chebyshev-Gauss Lobatto points associated with the interval [0, L],
L L r
tr =5— Ecos(ﬁ),r =0,1,.. N. (18)
These grids can be writtenas L <xy < xy_q1..<x; <x9=0.

Clenshaw and Curtis [5], introduced an approximation of the functionx(t), as follows
" 2 "
xy(t) =Zn=o an Ty (1), an =3 X0 x(t)T (¢, (19)
where the (") on the summation means that the first and last terms are to be taken with a factor (1/2).

Theorem (3.1.1), [6]:
The fractional derivative of order ain the Caputo sense for thefunction x(t) at the point t, is given by

6Dy (ts) = X0 d\% x(t,), >0, (20)
Such that

4@ = 49T NN ym n0, (D" Ftk—D M(ke—a+3)T (6,) TP (t5) 21)
sr =la]&j=0&k=[al "} - Lo 1(k+3) (=) [k —a—j +1) Ik—a-+j+1)’

where

s7=0,12,..,N with =0y =2,6,=1V i=12,..,N-1.
Theorem (3.1.2), [6]:

Let §DZxy (t) be the approximation of the fractional derivative §D&of the function x(t)as given by (20). Then it
holds

F(tk=18,..10)\2
[§D82(6) - S0 O], = B85 an @, (Lol 22)

where
(=)™ * 2n(n+k— 1)'F(k a+)

= Zk= (@1 b 1o r(k+2) k)t Fe—a—j+1) T(k—a+j+1)” (23)
(X,X) (96}71) (x'yn>

FQG Y1, Y20 ) = <y15’x) <y1’5y1> <y1’5y"). (24)
s ) s y1) 0 Vs V)
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3.2. Approximation of the right Riemann-Liouville fractional derivative.

Using right Caputo fractional derivative (RCFD) of a function f(t) is defined in (4) when
0O<a<1landf(t) € AC [a,b],

a _ b —a f'
SDF () = s [, (6 = 97 f @, (25)
and from (10), when 0 < a < 1, (thatis n = 1) we have
a b - cna
DEF(S) = 252 (b — )™ + DEF(S), (26)
Use (25) in (26) to obtain:
a b —a b —a '
DEF() = 7525 (b = )7 4 [V (£ — ) (D)t (27)
Let f be a sufficiently smooth function in [0, b] and let J(s; f) be defined as follows
J(s;f) = [Pt —$)"f (©)de,0 < s < b. (28)
Substitution (28) in (27) we deduce
a (b) —a (s:)
DEf(s) = s (b — )™ + 220 (29)

Now, we approximate f(t),0 < t < b, by a sum of shifted Chebyshev polynomials
Ty (E — 1) according to

FO = py(® = Bgar T = 1), 4, =23 FEOT L= D), (30)
where

t =§—2cos(7;’]) j=0,....,N,and obtain

J(s:f) = J(s;pw) = J; oy ()t — 5)™“dt. (31)

Lemma (3.2.1), [6]:

Let py be the polynomial of degree N as given by (30), Then there exists a polynomial Fy_; of degree N — 1
such that

f: [on'@®) — oy ()]t = s)™%dt = [Fy_1(x) — Fy_1(s)] (x — s)1 7%, (32)
Proof:

Let py'(t) — py (s) be expanded in a Taylor seriesat t = s

py () —py () = ZR=L Ak () (E — s)*.

Then,
X X
. . _ N-1 3
[v© - @le-9<a =" 4 f(t - e
N
_ 1 -1 Ak(s)(t —s)
_[(t s) “Z k—a+1 L'
The assertion follows, if we choose Fy_;(x) = N_(}anh an arbitrary constant 4, (s).
In view of (32) we have
b _ ’ _
Jsipw) = [ py/ (Ot - $)~dt = ["1—“ + [Fy_1(b) - FN_l(s)]] (b—s)'¢ (33)
Moreover,  ¢Dy f(s) can be approximated by means of
(b) - J(s;pn)
DEF(S) ~ s (b — )™ + 20, (34)

We express Fy_1 (t) in (33) by a sum of Chebyshev polynomials and provide the recurrence relation satisfied by
the Chebyshev coefficients. Differentiating both sided of (32) with respect to x yields
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[on' () —pn ()] (x — )7 =
FN_1'(x)(x — 5)1—0! + [Fy_1(x) — Fy_1(8)](1 — a)(x — s)7%,

when
PN’(x) - PN’(S) = FN—l!(x)(x =) + [Fy—1(x) — Fy_1(s)](1 — a). (35)
To evaluate Fy_;(s) in (33), we expand Fy_; (x) in terms of the shifted chebyshev polynomials
Fyoi @) =52 bl (2-1),0<x<b, (36)
where the () on the summation means that the first term is to be taken with a factor (1/2).

b _1 br—1—»b x s
Fy 1 () = Py (s) = 3] 2=t (1 (2o q) -y (2 - 1)), 37)

where by_; = by = 0. On the other hand , we have

(= v @ = 5 s @] (5= 1) - (- 1))

b
By using the relation Ty .1 (v) + Ty _1 (v) = 2vT, (v) and from (36), it follows that
' b -1 2 2
(= )yt ) = 2307 (b =2 (5= 1) b+ bt ) T (5 - 1), (38)
Suchthat b_; = b;.
Letpy'(0) = 3423 ‘e (5 —1). (39)

Inserting Fy_q(x) — Fy_1(s) and (x — s)Fy_; (x) as given (37) and (38) into (35) and taking (39) into account,
we get

1— 2 1- 4
(1-=5) b —2(3-1) b+ (1+=5) by =7, 1=k (40)
The Chebyshev coefficients ¢, of py (x) as given by (39) can be evaluated by integrating and comparing it with
equation (30):

Ck_l = Ck+1 +4b_kak’k :NIN_ 1""I1I (41)
with starting values cy = cy4q1 = 0, where a,, are the Chebyshev coefficients of py (x).

4. The necessary optimality conditions of Riemann-Liouville Derivative-Composition Fractional Order
Optimal Control Problems:

M DYx(t) + NSDE (SDEx(6)) = £(£x(6), u(B)),

In this type, we introduce the system of the type multi of the Riemann-Liouville fractional derivative of
v € (0,1), and the composition of the Caputo fractional derivative of «, 8 € (0,1) with the control variable w(t).
The necessary optimality conditions of this type introduce as follows:
Let f,, f:[a, o[ x R? > R be two differentiable functions, and let v, @ and S be real numbers and v, a and g €
(0,1). We consider a general multi-order Fractional Optimal Control Problem:

minimize J(x,u, T) = faT fo(t,x(0), u(®))dt, (42)
subject to the RLD-composition fractional dynamical system

M, DYx(0) + NEDE (D1 x(0) = £(6 (D), u(®), 3)
and the boundary conditions
x(a) = x,, x(T) =x7, x(a)=x, and,x (T) is not specified (44)
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where M, N # 0,T,x, and xr are fixed real numbers.

Theorem (4.1):
If (x,u, T) is a minimizer of (42), (43) and (44), then there exists a function A(t) for which (x, u, T)satisfies the

RLD-composition fractional optimality conditions:
i) the Hamiltonian system defined as

MEDEA() + N D ( Df A(t)) = 2 (6, x(0),u(©), A(D)

(49)
M, DY(0) + NEDE (D0 x(9)) = 57 (6, %(9), u(®), A®)
the stationary condition
i) 2 (e, x(0), u(t), A(t) = 0 (46)

forall t € [a,T];
Proof:
We consider the following multi-composite fractional optimal control problem

minimize J(x,u,T) = jfo(t,x(t),u(t))dt,

MEDE(E) + NEDE (6D x(®)) = f(t, (), u®)),

Thus, J*(o T, 2) = f {(fo(tx(0),u(®)) + A(E) - [ £(£,x(6), u(t)) — MDY x(2) + NEDE (ng x(t))]}dt.

(47)
Suppose that,
F = fo(t, x(®),u(®)) + A&)f (&, x(2), u(t)) — MA(t) o DY x(t) — NA() ;D¢ (ng x(t))- (48)
Evaluating the Euler equation for x(t),
oF d ( oF
ax(@) dt (ax'(t)) =0, (49)
From property (7), we get
F = fo(t,x(8), u(®)) + A(&)f (£, x(8), u(t)) — Mx(t) - $DFA(t) — Nx(t) - Dff ( Df A(t))- (50)
Then from (49) which gives
0
2B+ 20 52 - MDA - N (Df ( (DfA®) =0, (51)
d ( oF
From (50), we get E(T(t)) =0,
C B 9fo

MESDPA() + N ,Df ( D A(t)) 21 A0) 5L (52)
Now, evaluating Euler's equation for A(t); that is,

OF d ( 9F \ _
o E(a»(t)) =0 (53)
Then according to (53) for (48) which gives:

a a

M, DVx(t) + NCDE (CDﬁx(t)) aai(;) +A(t) M’(ct) 0, (54)
Finally, the Euler's equation for u(t); that is,

oF d ( oF
u) E(au (t)) =0 (55)

oF
From (48) it is clear that — (a (t)) = 0, then we get
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F _ ofy of
o mo T 20 @ 0 (56)

From (52), (54) and (56) we have that,

Cpv a B oH
MEDRA) + N Df ( (DFA®) = 5 (6 2(0), u(®), A®)

MuDEx(0) + NEDE (£DF2(0)) = T2 (60, u(®), A0)

0 =22 (¢, x(t), u(t), A1) for all t € [a,T].

5. Hlustrative Example:
In this section, we developed the algorithm for solution the Riemann-Liouville derivative-composition fractional
order optimal control problems.

Consider the following linear-quadratic of RLD fractional optimal control problem:
minJ(x,u) = J(x,w) = f; u?(¢) dt, (57)
subject to the fractional dynamic control system

v cpe(cph - 6tethvrl  gath rg+nef—v | v
oD x(t) + 4Df <0Dt x(t)) =u(t) + @i F i Taip—oiD oy T Ty
and the boundary conditions

x(0)=1, x(1) =0, x(0)=1 and,x (1) is not specified (59)
The exact solution for v = a = f = 1 is given by:

(58)

S 6tath+1 6t7+F
— —_ ﬂ -
(x@®,u®) = <F(a+ﬂ+2) argrny T8 F1,60 1)> o

Now, we develop algorithm for the solution (57), (58) and (59). It is based on the necessary optimality conditions
of RLD composition-order fractional optimal control from Theorem (4.1) as the following steps:

Step 1: Compute the Hamiltonian function

= 2 rathvtl gpatbv 4DV
H(t,x,u, 1) = u*(t) + A(t) (u(t)+ FativiD  FatioiD T TGeD m_v)). (61)
Step 2: Derive the necessary optimality conditions of RLD composition-order fractional optimal control from
Theorem (4.1):

Suppose that M = N = 1, of the constraint (58), then

c Cnp _ 6ta+B—u+1 _ 6ta+ﬁ—v F(ﬁ_l_l)tﬁ—v tv
ODé)x(t) + ODta <0Dt x(t)) - u(t) + I'a+p-v+2) I(a+B—v+1) r'(B-v+1) r1—v) (62)
“oyaw + ot ((Df2®) =0, (63)
1
u(t) = —A(). (64)
Step 3: Substitution control variable w(t) from (64) in equation (62) to obtain:
oD x(0) +§D¢ (§DF x(0))
1 6ta+/?—v+1 6ta+ﬁ—v F(ﬁ + 1)tﬁ—v v
=—=A() + — + + :
2 INa+B—-v+2) INa+p—-v+1) I'—v+1) I'(1-v)
(65)
Using property (5) and (6) for equations (63) and (65), we get the coupled system:
( _ (1 _ t)—a—l
! tpa@ + i aw [ 0| s =0, (66a)
6t0{+/§'—v+1 6ta+ﬁ—v F(ﬂ + 1)t,b’—v v

| oDtx(@ + 501 x(0) = ~ 5320 + (66b)

r(a+ﬁ—u+2)_r(a+ﬁ—u+1)+F(ﬁ—u+1)+F(1—u)
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Step 4: Using the Chebyshev expansion method, get an approximate solution of A(t) from (20) and x(t)
from (34):

N A(1 ts; _ 1—t,) @1
2 ds(,ur) A(tr) + #(1 — ts)—(a+ﬁ) + M — [ th 1/1(155)] % — 0’
r=0 F(l —(a+ ﬁ)) F(l —(a+ ﬁ)) t=1 I(—a)
(67)
x(D) 0 N—@) L JUspn) | N q(atB) __1 6t v 6P r+DeF
I(1-v) 1-t) + r(1-v) +2r=0 ds'r x(t,) = ZA(tS) + I'a+B-v+2) I(a+f-v+1) I(f—v+1)
ts Y
ra-v) (68)

where d) and d%+F)
(21),s =1,2,..,N — 1.
Step 5: Evaluating the results at the shifted Gauss-Lobatto nodes t,,from (18), s =1,2,...,N — 1,and «a, and
u € (0,1).

Let N=2,v=0.12, a=04, f[=03.

is defined in (21) and evaluating the results at the shifted Gauss-Lobatto nodes t,, from

s=12,..,N—1,andsince N =2,thens =1.t; = %—%cos(g) =05

From the system (68), we have

x(1) J(t1;pN)

m (0.5)_(0'12) + m + dg?Oj)X(to) + dg?lj)X(tl) + dg(')zj)X(tz)
B 6(0.5)1'5800 6(0.5)0'5800 +['(13)(05)01800 N (0.5)—0.12
~ I(2.5800) 77(1.5800) 7(1.1800) 7(0.8800)°
(1.0013)x(1) + (0.9214)] (t;; py) + a5 x(to) + % x(ty) + di% x(t;) = —1.0189. (69)
Use (21) to evaluating the results of dg?oj), dg?lj), and d§?2'7),which is shown in table (1) as follows:

Table (1): Shows results of Caputo fractional derivative when a« = 0.4, = 0.3,a + 8 = 0.7.

. J " diy” dy”
1 0 1 -0.8154 0
1 1 1 0 0
1 2 1 -0.0572 0
2 0 1 -0.8154 0.8154
2 1 1 0 0
2 2 1 -0.0572 0.0572
2 0 2 0.7720 -0.7720
2 1 2 0 0
2 2 2 -0.0396 0.0396
sum -1.0128 0.1402
dg’:‘) =40, /N.sum -1.0128 0.0701
when r=20 aﬂ:&'s):land r=1 ﬂ=@=2
N 2 N 2

Since, x*(1) is not specified, then we have the transversality condition
A(ty) = 0, We conclude from this  J(t{; py) = 0, and use the boundary conditions (59) in (69) to get (t;) :

(1.0013)(0) + (0.9214)(0) + (=1.0128)(1) + (0.070)x(t;) + d\5(0) = —1.0119.
- x(t;) = 0.0128.
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Step 6.Computeapproximation solution of x(t) at N = 2 by (19), and u(t) from (58).

N "N
2
(D) =% > ) X )T O,

n=0r=0

x(t) =30 TY (0 + ay T (8) + 530, T ().

Tofind ay,a; and a,

Ifn=0 - ay=Y2xt )T} (), e TY() =1
= 0.5128.

lfn=1 - a; = ¥2_, x(t)TF(t,), e TP(6) =2 —1.
=-05

fn=2 - a, = Y2_ox(t)TP (¢,), i.e. TP (t) from (13).
= 0.4872.

We substitute ag, a;, and a,, in (70), to get
x,(t) = 1.9488t2 — 2.9488¢ + 1.
To compute the approximation solution of the control u(t), we get

_ v cnafc ﬁ _ 6ta+,871}+1 6ta+,87v _F(ﬁ-{—l)tﬁfv_ tv
u®) = oDrx() + oD (ODt x(t)) MNa+p-v+2) INa+p-v+1) I(B-v+1) I(1-v)

(70)

(71)

(72)

After we derive a fractional derivation of the power function of Caputo’s derivative and R-L derivative and

substitute (71) in (72), we have:

u(t) = 2.1707 t1:8800 _ 3 0875¢0:8800 4 3.3407¢13 — 3.2857t03 — 4.2600t1-5890 4 6,7308¢0->800

—0.9716t%-1800,
Table (2): Shows numerical results of the exact and approximate state x(t) and control u(t) for N = 2.
a=0.4 a=1 a=0.4 a=1
i B=0.3 B=1 B=0.3 p=1
v=0.12 v=1 v=0.12 v=1
x(t) x(t) u(t) u(t)
0 1 1 0 -6
0.1 1.0724 1.0710 -3.8413 -5.4000
0.2 1.0488 1.0880 -2.6746 -4.8000
0.3 1.0290 1.0570 -2.5056 -4.2000
0.4 0.1323 0.9840 -1.3411 -3.6000
0.5 0.5128 0.8750 -1.1798 -3
0.6 0.6770 0.7360 -1.0199 -2.4000
0.7 0.3109 0.5730 -0.1404 -1.8000
0.8 0.3111 0.3920 -0.3025 -1.2000
0.9 0.1075 0.1990 -0.4679 -0.6000
1 0.6374 0 0 0
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Figure 1:
12 (a) Exact solutions of x(t) when N=2,a=3=1 (1b% Approximation solutions of x(t) when N=2,v=0.12 ,a=0.4 and $=0.3
1F 1k
0.8
0.8
0.6
x X 06
041
0.4F
0.2r
ob 0.2f
02 L . . . . . . . . 0 . . . . . . . . .
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

t t
(a) Exact solution of x(t) for(N=2)and v=a = =1.
(b) Approximate solutions of x(t) for (N =2)andv =0.12,a =0.4and =0.3

Figure 2:

] (c) Exact solutions of u(t) when N=2,,a==1 (d)1 Approximation solutions of u(t) when N=2,v=0.12 ,a=0.4 and $=0.3
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(o) Exact solution of u(t) for(N=2)and a = =1.
(d)  Approximate solutions of u(t) for(N=2)andv =0.12,a = 0.4 and 8 = 0.3.

6. Conclusions

In this paper, we introduced an accurate numerical scheme for solving a class of RLD composition-order
fractional optimal control problems, when & = 0.4, § = 0.3and v = 0.12at (N = 2).In this case, the solution is
approximated by Chebyshev series.

Numerical results for illustrative example show that the algorithm converge from the exact solution when
a = B = v = 1, and we note that the convergent to the exact solution is dependent on increasing of the fractional
order of derivative.
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